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m  EXPOKENTIAL  DISTRIBUTION  AND  ITS  ROLE  M  LIFE  TTSTING 

by 

Benjaasin  Epstein 

Wayne  State  and  Stanford  Universities 

1.  Introduction 

Many  current  results  in  life  testing  are  based  on  the  aseim^tion 
that  the  life  X  is  described  by  a  probability  density  function  f{xj0) 
of  the  form 

(l)  f(xj9)  *  ^  exp  (-x/g)  ,  x>0  ,  0>0  . 

In  (1;^  X  is  life  measured  in  appropriate  units  (for  exaaiple,  hours)  and 
(?i)  E(X)  o  j  xf(xjQ)  dx  e  f**  §  3x  B  © 

is  the  mean  life  expressed  in  appropriate  units.  Hiere  io  evidence  that 
the  lives  of  electron  tubes  or  the  time  intervals  between  successive 
breakdowns  of  electronic  systems  are,  to  a  first  approximation,  random 
variables  having  the  density  (l). 

A  psrtitil  Justification  for  the  essuaption  of  an  exponential  p.d.f . 
has  been  discussed  in  some  detail  in  a  paper  by  the  author  [12,  13]  and 
by  D.  J.  Davis  [73  several  relevant  references  may  be  found  in  these 
papers.  Further  evidence  of  an  oqpirical  nattire  can  be  found  In  a  recent 
series  of  ARHIC  monographs  [X].  we  are  veil  avare  of  the  fact  that  many 
life  dietrlbutions  arc  not  adequately  described  by  equation  (1),  While 
this  nay  be  the  case,  an  understanding  of  the  theory  in  the  exponential 
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case  Is  essential  if-  'we  ore  to  treat  oore  general  sltuatlone. 

As  we  write  these  words,  some  six  years  have  elapsed  since  we  started 
research  on  statistical  methods  in  life  testing.  At  the  heglnnlng  soaie 
basic  questions  arose  as  to  where  to  distribute  our  efforts  since  there 
were  many  avenues  open  for  research  activity.  The  esqponentlal  distribution 
was  chosen  only  after  considerable  discussion  with  people  In  the  field  of 
electronics  and  after  a  study  of  the  literature  existing  and  available  at 
that  time.  In  retrospect  the  choice  of  the  eiqponentlal  distribution  was 
a  good  one.  It  seems  as  if  the  exponential  distribution  plays  a  role  In 
life  testing  analogovis  to  that  of  the  normal  distribution  in  other  areas 
of  statistics.  It  Is  our  feeling  that  in  many  cases  there  Is  at  least  as 
much  Justification  for  using  the  e^^nentla].  cilstributlon  in  life  test 
sltuatl(Mas  as  to  we  the  normal  distribution,  for  exBiiQ>le,  In  developing 
sampling  plans  by  variables . 

An  iagortaat  by>product  of  the  assuaptlon  of  the  exponential  distribution 
of  life  Is  that  It  ashes  It  possible  to  apply  the  well  developed  theory  of 
Bslsson  processes.  Furthermore,  one  can  by  almost  trivial  chaiiiges  generalise 
all  the  results  to  the  case  where  the  conditional  rate  of  failure  Is  some 
function  of  tine,  Z{t)  ,  rather  than  a  constant  as  In  the  exponential 
case.  The  theory  thus  extended  has  validity  onrer  a  vide  area  Including  most 
cases  of  practical  interest. 


■w 
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O  2,  Boisson  Processes  and  Exponential  Models  y 

We  now  consider  in  soae  detail  why  one  might  expect  the  expoaeutlal 
distribution  to  occur  and  what  l3splicatlons  Ihe  assumption  of  an  exponential 

V  ^ 

For  a  detailed  treatioent  of  Boisson  processes  and  exponential  distrlbutlonii 
see  Feller  El^]# 
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distribution  ctarries  with  it.  In  addition  we  will  mention  why  one  might 

expect  certain  other  distributiona  to  also  occur  in  life  teat  sitmtiona, 

Ctoe  often  refers  to  the  exponential  dictributioa  aa  corresponding  to 

a  purely  random  failure  i>attem.  Praeisely  what  one  means  asthematically 

is  tliat  T^atever  is  caunlng  the  failure  occurs  accoi'ding  to  a  Poisson 

process  with  some  rate^  x.  For  exas^Ie,  if  we  Imogiue  that  a  failure 

occurs  whenever  a  Geiger  counter  is  actmted  by  a  radioactive  source  having 

an  emission  rate,  x,  then  the  distrlbutioa  of  time  intervals  between  successive 

••X-li 

failures  will  be  given  by  the  p.d.f .  xe  ,x>0,t>0.  'SSilo  is  very 
easy  to  prove.  Let  T  be  the  I'andcna  variable  associated  vrith  the  time  i  - 
interval  between  successive  events,  then 

(3)  i*r(T  >  t)  a:  Pr  [no  event  occucrs  in  the  intervaj.  (0,t)3  ,  where  t  k  0 
is  the  time  xfhea  the  wst  recent  event  occurred. 

From  the  Poisson  assumption, 

(4)  Pr(T  >  t)  =  e“^^  . 

Thus 

(5)  Pr(T  <  t)  -  1  - 
and  the  p.d.f.  is  given  by 

(6)  f(t)  »  xe"^*  ,  X  >  0  ,  t  >  0  . 

The  question  naturally  arises  as  to  whether  this  rather  artificial 
model  has  any  relevance  to  a  real  life  nituution.  ®ie  answer  is  that 
it  may  under  the  following  sort  of  conditions:  Imagine  a  situation  whez’* 


a  device  under  test  ie  being  eubjected  to  an  environsnent  E  ^  vfhich  is 
aoBc  sort  of  s-aadom  process.  Let  ua  iJBagine  that  this  raadca  process  has 
peaks  distributed  to-  a  Rjlsson  naaner  and  that  it  is  only  these  peaks  that 
can  affect  the  device^  in  the  sense  that  the  device  vill  fail  if  a  peak 
occurs  and  will  not  fail  othea'wise.  If  this  is  the  BiUmtion  and  if 
peaks  in  the  stochastic  process  describiag  the  environmeat  occur  with 
Poisson  rate,  X  /  then  the  failure  distribution  for  th®  devices  under  test 
inn  be  given  by  the  p.d.f.  (6).  It  is  interesting  to  aote  that  while  ve 
call  (6)  a  failure  distribution  it  describes.  In  reality,  the  frequency  of 
severe  shoclts  in  the  eavironaeat.  This  is  precisely  vhat  (6)  aesns  in  the 
all  or  none  situation,  where  the  device  fails  if  and  only  if  a  peak  occurs 
and  not  othen/ise. 

It  is  not  necessary,  la  the  preceding  discussion,  that  we  have  an 
all  or  none  situation  in  order  that  the  exponential  distribution  arise. 
Sippose,  as  before,  that  peaks  in  the  stochastic  process  occur  with  rate  x 
and  that  the  condit5.onal  probability  that  the  device  falls  given  that  a 
peak  has  occurred  is  p  .  ©jen  it  is  clear  that  the  event;  "device  does 
not  fall  in  time  t  "  is  coa^posed  of  the  witually  exclusive  events,  "no 
peak  occurs  In  (0,t)  ",  "one  peak  occuro  and  device  does  not  fail  given 
this  peak,"  "two  peedts  occur  and  device  does  not  fall  given  these  two  peaks, 
etc.  SythollccUy  we  have 

(7)  Er(T  >  t)  =  +  q(xt)e"^^ 


«*  e  ^^[l'^qX'®'  +..U+  +»..] 

4m  e  Jv« 

„  e-XtfXqt  ^  ^-X{l~q)t  ^  ^-Xpt 
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(6)  Pr(T  <  t)  o 

Q23id 

(9)  f(t)  =  ,  t  >  0  . 

Again  we  have  an  exjponential  distribution.  It  is  .1jatei«sting  to  note  that 
the  ejQxjnent  XP  (which  is  the  laesn  tisa  between  failiircfl)  reflects  the 
simplest  Mad  of  Interaction  between  the  device  being  tested  and  its 
enviror«K;nt.  If  we  had  two  kinds  of  devices  and  Dg  each  subjected 
to  the  saase  environaeat  E  j  end  if  is  the  conditionnl  probability 
that  will  foil  given  that  a  peak  la  E  has  occurred,  and  Pg  is 
the  conditional  probabt).it3r  that  Dg  will  feill  given  th»,t  a  peak  in  E  occurs, 
then  the  laeaa  tiae  between  failures  is  given  by  and  ipg  respectively. 

If  <  xPg  ■fcbea  one  can  say  that  in  environaent  E  ,  the  device 
is  stionger  than  the  device  Dg  . 

Carrying  these  ideas  further,  suppose  that  sn  item  is  e^g^sed  slKultanecusly 
to  k  enviroaateats  Suppose  ths.t  the  environaseat  E^ 

is  choracterised  by  a  ;mte  (the  frequency  with  irtiieh  dsngerous  peaks 
occur  in  envirciosent  )  and  that  the  conditional  proibabillty  tluat  the 
device  fails  given  that  a  peak  has  occui'cd  is  p^  .  Txon  (7)  it  follows  that 
the  probability  that  a  device  siirvivcB  envlroeiBent  E^  for  a  length  of 
tiae  t  Ic  given  by  c"^!  %  ^  .  Let  u«  assume  that  the  environments  are 
described  by  stochastic  processes  which  operate  indt^ndently  of  one 
another,  then  from  (7)  acd  the  assumption  of  independence,  the  time  T 


mtU  a  failure  occurs  (or  the  time  between  failureB)  Is  a  rando»  variable 
such  that 

o 

B  "(5ZI 

(10)  Pr(T  >  t)  =  IT  =»  e 

1=1 

s 

Deflninig  A  =  toecoses 

(11)  Pr(T  >  t)  a  e"-^^ 
and  consequently 

(12)  Pr(T  <  t)  B  l-e"'^'*^  »  '^  ><^  • 

iSzua  ve  asain  have  an  csqpcnentlal  distribution. 

In  the  situation  described  by  the  distribution  function  (8)  and 

density  function  {$),  p,  the  conditional  probability  that  a  failure 

occurs  given  that  a  peah  has  occurred,  ia  independent  of  t  .  Let  us 

now  asauiBs  that  given  that  a  peak  occurs,  the  conditional  probability 

that  a  falltire  occurs  is  given  by  p(t)  .  It  is  easy  to  show  in  this 

case  that  ^ 

-xj  p(T)dT 

(13)  Pr(T  >  t)  e  e  ® 
and  no 


Pr(T  <  t)  =  1-e 


■i 


p(T)dT 


end 


-X.1  p(T)d‘f 

(15)  f(t)  «  \p(t)c  °  =.  t  >  0 


where 

(16) 


fit 

P(t)  S=  j  p(T)dT  . 


Illustrations 

lo  In  particular  sugppose  that  p(t)  a  o,  0  <  t  <  A  and  p(t)  a  1, 
then 


Pr(T  <  t)  a  0,  t  <  A 


and 


Pr(T  <  t)  a  #  t  >  A 


and 


f(t)  a  0  ,  t  <  A 


and 


2. 


f(t)  «  ,  t  >  a  . 
nils  is  laown  as  the  two  paxoaeter  e^qponeatlal. 
Another  exaa^le  is  of  the  foUoving  kind; 


X  >  A  , 
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In  this  ease 


Pr(T  <  t)  =  i-e 


,  0  <  t  <  t 


1-e  ,  t  >  t 


Remarh;  In  the  range,  0  <  t  <  t^  ,  Pr(T  <  t)  is  of  the  form  frequently 
called  a  Weihull  dlatrlhution. 

A  generalization  in  still  another  direction  is  to  assume  that  devices 

are  exposed  to  a  variety  of  environments.  For  example,  we  could  imagine 

a  situation  where  devices  are  exposed  to  k  possible  environments 

Eg,...,  Ejj  which  can  occur  with  respective  probabilities 

k 

c^,  Ci(c.  >  0  ,  T'"'  c,  a  1).  Furthex’aoi'e,  with  each  environment 

there  is  associated  a  (the  rate  at  which  dangerous  peaks  oceiur  in 
tif  0 

environment  E^)  and  within  the  environment  ,  the  conditional  probability 
that  a  device  fails  given  that  a  peak  ocetars  is  Pj.  It  then  follows  quite 
readily  that  the  probability  of  surviving  for  a  length  of  time  t  is  given  by 

(17)  Pr(T  >  t)  »  c.e  ^ 

'33:  ^ 


The  associated  density  function  is  described  by 


3-.  -''1* 


f(t)  =.  ^  ^  =  ZZ 


'’j  * 


where 


•9- 


we  are  led  to  a  description,  of  the  density  of  failirre  tlBss 
as  a  sum  of  exponentials.  A  continuous  analogue  of  (l8)  is 


(19) 


f(t)  ss\  ve“'’^  dG(y) 


It  is;  interesting  to  see  tdiat  happens  in  the  special  case  for  which 
(20)  g(v)  =  -  ,  0  <  V  <  00. 


Equation  (19)  then  hecomes 

.  r+l  .r+l  -v(A+t)  ,  , 

V  A  e  '  '  dv 

1  ■  im  I  1 II  I II  ■  -  -  I  ■  -  ■  . . I  I  mi  ^ 

rJ 

It  is  readily  verified  that  f(t)  becomes 

(22)  f(t)  a  ,  t  >  0  . 

Remark!  It  is  interesting  to  note  that  in  the  special  case  whez’e  A  «  r+l  , 
f(t)  becomes  an  F(2,  2r  +  2)  distribution. 

Thiuj,  the  asBimptioa  that  failuire  is  associated  in  an  essential  way 
with  the  occuirrence  of  peesks  in  a  Poisson  process  has  led  us  to  a  nisaher  of 
quits  interesting  life  distributions. 

3°  Model  Based  on  Conditional  Probability  of  Failure 
Let  \a3  now  proceed  in  a  different  direction  and  see  where  this  leads 
us.  It  is  vell'lmovn  that  if  the  imderlyiag  distribution  of  life  T  is 


-10- 


described  by  the  eiqponential  p.d.f.  f(t;e)  =  |  ,  thea  the  conditional 

probability  of  an  item  failing  in  the  time  interval  (t,t  +  4t)  given 
that  it  has  survived  for  time  t  ,  is  independent  of  t  .  This  is  readily 
verified  since 

(23)  Pr(t  <  T  <  t  +  4t|T  >  t)  =  f(t;e)at  /  l-F(t;Q) 

=.  I  e"^/®  4t/e'*/®  »  dt/9  . 

9 


Qeaerally  speaking  the  conditional  rate  of  failture  or  hazard  rate,  g(t)  , 
where 

(24)  g(t)  -  f(t)/l-F(t) 

does  depend  on  t  .  ¥e  are  interested  in  solving  for  f(t)  and  F(t),  given 
the  failure  rate,  g(t)-  This  is  readily  done  since  (24)  ioplies  thtit 

(25)  d[la(l-F(t)l  =  -s(t) 


►11- 


IHuatratloas 

Exainple  1.  Suppose  that  >  t  >  0  ,  then 

(26)  1360011168  =  0  ,  t  <  0 

=  1  -  ^  j,  t  >  0 

and(27)  becomes  ^q(^)  =  ^  ^  ®  j 

=  0  ,  elsewhere. 

TalB  is  the  eigponential  distribution. 

Bxeaple  2.  Suppose  that  e(t)  =  0  for  0  <  t  <  A 

a  i  for  t  >A  . 


In  this  case  we  get  the  two-parameter  eaqioaential  distribution  where 
(26)  becoiBSS  FgCt)  »  0  ,  t  <  A 

=l-e  ,t>A, 

and  (27)  becones  ^^(t)  =  0  ,  t  <  A 


j^k-1 

Eaaiigls  3.  Bi^tpose  that  g(t)  a  -'y  r.  ,  where  k  >  0.  In  this  case, 

(26)  becomes  F_(t)  =  0  ,  t  <  0 

-  (|)^ 

=l-e  ,t>0 


'4-> 
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and 

(27)  'becoBses 


f^it) 


kf 


k-1 


»  b  >  0 


a  0  ,  elsewhere. 


Remark:  This  distribution  is  often  called  the  WeihuU  distribution.  Note  that 
the  conditional  rate  of  failure  g(t)  is 


decreasing 

if  0  <  k  <  1 

constant 

if  k  0  1 

increasing 

if  k  >  1  . 

SxsB^le  4:  Suppose  that 

g(t)  S3 

.  In  this  case,  G(t)  « 

Thus 

(26)  becomes 

lP(t)  ~  0  g  t  <0 


=  1 


-1) 


t  >  0 


and  (27)  becoBvsa 


f(t)  a  age 


^t  g-a(eP^l) 


t  >  0  . 


Remark:  Ihi?  kind  of  distribution  occurs  in  extreme  Talue  theory  [I6] . 


It  should  be  noted  that  there  is  a  great  deal  of  similarity  between 
formulae  (l4)  at:d  (26).  Actvmlly,  these  two  models  have  a  great  deal  in 
coBmnn,  the  difference  being  only  that  in  one  model  ve  make  specific 
assungitions  regarding  an  tmderlylcg  Poisson  process  which  generates  dangerous 
peaks,  whereas  in  the  second  model  the  conditional  rate  of  failure  function, 
g(t)  ,  is  made  central  to  the  discussion.  g(t)  depends  on  the  environment. 
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on  the  items  laider  test^  and  on  the  Interaction  of  items  heing  tested  and 

the  environment.  If  we  try  to  raaJiie  e3<plicit  the  dependence  of  g(t) 

on  the  envirooBseat,  we  xrill  be  led  back,  essentially,  to  the  first  model. 

It  is  a3.so  interesting  to  note  that  we  arc  led  to  distributions  which  are  in  a 

sense  rather  direct  generalizations  of  the  eio^le  exponential  distribution. 

This  is  very  important  because  this  makes  it  possible  to  change  the  time 

scale  in  such  a  way  that  all  theoretical  results  obtained  under  a  purely 

eiqponential  hypothesis  are  valid  for  the  more  general  situation.  Thus,  in 

the  second  model,  if  t  represents  the  time  to  failure,  then 

u  =  G(t)  *  E(T)dT  is  distributed  with  c.d.f .  1  -  e"’*  ,  u  >  0  ,  and 
-u 

with  p.d.f.  e  ,  u  >  0  .  As  a  consequence  of  this,  many  of  the  theorems, 

tests,  estimation  procedures,  formulae,  etc.,  become  vtxlid  in  a  much  more 
general  situation  if  one  replaces  failure  times  t^  by  generalised  times, 

«  c-(tj_)  . 

Another  interesting  feature  of  the  models  is  that  they  lead  to  all  kinds 
of  useful  distributions,  some  of  which  arise  in  other  connections.  As  examples 
we  mention  the  so-callcd  WeibuU  distributions  and  extreme  value  distributions. 

Other  Failure  Models 

We  now  consider  briefly  two  other  laodels.  In  the  first  of  these,  let 
us  assuiae  that  a  device  subject  to  sn  environment  E  will  fail  \diea  exactly 
k  >  1  shocks  occur  and  not  before.  If  shocks  occur  at  a  Poisson  rate 
k  ,  then  the  waiting  time  Tj^  (or  life)  until  the  item  fails  is  described  by 
the  p.d.f. 


For  the  special  case  where  k  »  1  ,  (28)  and  (29)  becaae  (6)  and  (7), 
respectively. 

It  is  (luite  cleai:'  that  formulae  (8),  (9),  (10),  (11),  (1^),  (15), 

(19)  can  all  be  Bul.tabiy  generalized  to  the  case  idiere  the  life  time  is 
given  by  Tj^  and  not  by  .  ^us,  tor  eacampls,  the  analogues  of  (l4) 
and  (15)  become 

(33)  Pr(Tj^  <  t)  »  1  -  El  ^  e"’^^*^[XP(t)]J/jr 

>0  j=k 

and 

(3^*)  yt)  =  [XP(t)]^’'^  \p(t)/(k-l)J 

In  essence,  one  can  say  that  this  simple  xiodel  gives  rise  to  the  type  III 
distribution  and  its  generalizations. 

We  have  seen  in  cur  earlier  models  that  under  certain  assuaptions  one 
gets  the  Weibu3.1  and  extreme  value  distributions  os  possible  life  distributions. 
We  should  now  like  to  examine  the  relevance  of  an  extreme  value  model.  It  is 
our  feeling  that  what  we  are  saying  applies  to  failure  problems  involving 
corrosion.  Si^ppose,  for  example,  that  corrosion  is  essentially  a  pitting 
phenomenon  and  that  fail^lre  is  associated  with  i>erforatloa  at  the  deepest 
pit.  The  time  to  failure  may  then  be  viewed  as  follows:  let  be  the  time 
required  to  perforate  the  material  at  the  i^  pit.  Then  the  time  to  failure 
is  min  |t^^  .  If  the  pit  depths  follow  an  exponential  distribution,  and  if 

we  assume  that  time  to  perforation  at  a  pit  is  linearly  dependent  on  the 
thickness  of  the  coating  minus  the  pit  depth,  then  extreme  value  theory  would 


lead  one  to  ejspect  a  life  tlaie  distribution  of  the  fonn  A  e  e  [2,83. 

For  further  details  on  extreme  values  in  this  connection  one  should  see 
papers  by  Epstein  Epsteio  and  Brooks  [11],  and  Gvuabel  [15,l6]. 

Remark  1;  Ohere  have  recently  appeared  results  in  the  literature  that 
failures  of  complex  mechanisms  tend  to  be  ejqwnentially  distributed,  dhis 
has  a  theoretical  Justification  since  the  times  between  failures  of  the 
con5)lex  mechanism  (we  are  assumiag  that  it  is  repaired  after  it  breaks  down 
and  put  back  into  service)  result  frcmi  a  superposition  of  the  failure 
patterns  of  the  parts  making  up  the  mechanism.  It  has  been  shown  by 
D.  Ro  Cox  and  W.  L.  Smith  [5i>6]  that  tb  a  good  approximation  this  kind 
of  superposition  gives  rise  to  an  e:iQ>onential  distribution  of  times  between 
successive  breakdowns. 

Remark  2;  It  will  be  noted  in  the  foregoing  that  none  of  the  failurf!  models 
led  to  a  normal  or  logarithmic  aomal  distx’lhution  of  life.  How,  then,  does 
one  explain  the  fact  that  some  observed  life  time  distributions  appear  to  be 
noxnal  or  logarithmic-aormal?  It  seems  to  us  that  in  our  considerati<»ie  we 
have  assxmied  that  In  one  way  or  another  sudden  shocks  in  the  environment  were 
important.  If  this  Is  the  case,  then  one  must  he  led  to  the  ex^crcntlal 
distribution  or  suitable  generalizations  of  it.  But  if  fallxtre  is  caused  by 
a  wear-out  mechanism  or  is  a  cotvsequence  of  accumulated  wear,  then  we  assert 
that  the  normal  distribution  can  be  e^gpected.  Ihus,  if  an  accumulation  of  k 
failures  is  required  for  failure,  we  have  been  led  to  a  type  III  distribution 
which  will  tend  to  normality  for  k  large. 
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Another  possibility  is  that  failure  occurs  after  an  essential  siabstance 
has  been  used  up.  In  this  case,  the  time  to  failure  might  be  propoi'tlonal 
to  the  amount  of  this  sizhstance  in  the  particular  speeiaens  being  tested.  If 
the  amount  of  the  substance  varies  from  speciiaefi  to  specimen  according  to 
e  normal  distribution,  then  one  would  get  a  normal  distribution  of  life 
times, 

/ 

What  about  logarithmic  normal  distributions?  It  seems  to  us  that  such  a 
distribution  can  arise  in  either  of  two  ways; 

(i)  as  an  approximate  fit  to  shewed  distributions  like  the  Weibull  or 
type  III,  or 

(it)  if  failure  depends  on  using  up  some  critical  substance,  the  aasount 
of  \7hlch,  varies  according  to  a  logarithmic  normal  distribution  from  specimen 
to  specimen. 

It  any  be  noted  that  the  logarithmic  normal  distribution  of  lives  seems  to 
occixr  particularly  in  some  biological  problems.  Whether  this  results  in 
accordance  with  (i)  or  (ii)  is  generally  not  clear. 

Kenark  3*.  It  is  Interesting  to  note  that  the  failure  distribution  given 
by  (3*{-)  is  almost  identical  with  the  one  given  by  Z.W.  Blmbaua  and 
S.  S.  Saunders  [3l  in.  their  recent  paper  in  which  they  give  a  statistical 
model  for  life-length  of  structures  under  dynamic  loaditig  (i.e.,  fatigue). 

One  difference  is  that  they  make  the  conditional  mate  of  failure  function 
central  to  their  discussion  while  we  laake  more  explicit  use  of  the  underlying 
Poisson  process  generating  dangerous  peaks.  The  other  difference  is  -aiat 
■aiey-are  deollng  with  a  cmlti-conpooent  struct'ore,  which  Initially  has  jn 


4. 
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con^onents.  They  assume  further  tliat,  iJi  the  course  of  time,  one  component 
after  another  fails  and  that  there  is  a  critical  nuaiber  of  failures  k  <  m  , 
such  that  the  entire  structure  fails  vben  k  of  its  ccarooaents  fail.  She 
analogue  of  their  Assuutption  B,  if  one  uses  the  Poisson  model,  is  the  following; 
if  a  peak  in  the  stochastic  process  (the  peaks,  era  asstaaed  to  occur  at  rate  K) 
occurs  at  tinia  t  and  if  J  of  the  cosHponents  in  the  structure  have  failed 
prior  to  time  t  ,  then  each  of  the  remaining  (m-j)  components  has  a 
conditional  prohability  of  failure  given  by  p(t)/(ffi-j)  .  It  is  then  very 
easy  to  shovr  that  the  p.d.f.  of  S,  ,  the  life  of  structure,  is  given  by  (34) 
and  further  that  2k  L  p(T)dT  is  distributed  as  (2k)  .  Eiis  is  an 
analogue  of  the  theorem  given  on  p.  154  of  [3]. 

Remark  4:  We  have  showi  in  this  paper  that  a  possible  theory  of  failmre  is 
based  on  the  Poisson  process  ►  A  generalization  of  Poisson  processes  is  given 
hy  "birth  and  death"  processes.  It  has  recently  been  shown  In  a  note  by 
Wei 80  [17]  that  some  kinds  of  mechanical  failure,  such  as  creep  failure  of 
oriented  polymeric  filaments  under  tensile  stresses,  (see  Coleman  [4])  can 
be  viewed  as  "pure  death"  processes.  Essentially  the  theory  assumes  that 
there  are  initially  fibers,  ea<A  of  which,  indepecxlent  of  the  other 
fibers,  is  subject  to  failure  under  load.  Failure  occurs  >dien  all  the  fibers 
have  failed.  Two  specisl  oases  tare  considered: 

(i)  the  probability  of  a  single  fiber  failing  la  the  tine  Interval  (t,  t  +4't) 
is  given  by  f(t)4t  } 

(ii)  the  probability  of  a  single  fiber  failing  in  (t,  t  +4 1)  when  n(<  H  ) 

II  * 

fibers  ai’e  left  is  giiven  by  ~  f^(t)  At. 

A*lpure  death"  process  where  the  probeibllity  of  a  fiber  failing  is 
given  by  (i)  results  in  the  following  life  destribution: 
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ft  Ml”  N  'f('t)dT 

(39)  f(t)  -  tV  °  ®  N^t(t)/(V^)*  " 

In  particular  if  y'(T)=>,  ,  t  >0  ,  then  (38)  and  (39)  ■become.* 

(38')  Pr(T  <  t)  «  1  -  ^  (N  Xt)"/j! 

dmO 

and 

(39’)  f(t)  «  N^X(N^U)V^  e'VV(H^-l)!  . 

Further 

(40)  Ej^(T)  «  i  . 

It  should  be  noted  that  assun^ptlon  (11)  in  the  Weiss  atodel  is  essentially 

the  sane  as  asauaption  B  in  the  Bimbaum  -  Saunders  paper  and  hence  the 

p.d.f.'s  of  life  vhich  result  must  agree.  It  should  also  be  noted  that 

(36) is  the  p.d.f.  of  the  largest  value  in  a  samble  of  size  H  drawn 

-f  t(t)dT  ° 

from  a  distribution  with  c.d.f.  l-e°  ,  while  (39)  Is  a  Type  III 


distribution. 
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